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Abstract 
The paper deals with the problem of fatigue crack growth under variable-amplitude loading from a lifetime prediction viewpoint. 
A sequential Monte Carlo technique is employed to monitor crack propagation in presence of several uncertainties related to the 
material properties, measurement systems and environmental variability. The algorithm is able to estimate the most probable 
parameters describing crack growth data focusing on the most probable crack growth trajectories and enhancing the prediction of 
the residual life of the structure. Monte Carlo sampling allows accounting for the variable amplitude loading condition, 
simulating several crack growth evolutions using different loads and selecting the more appropriate for the actual crack 
evolution. The outcome of the algorithm that is the residual life prediction is used to appreciate the performances of the method. 
The end of the paper discusses the application of the method within structural health monitoring systems and lifetime predictor 
frameworks. 
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1. Introduction 
Most of the engineering structures suffer of loading conditions that are measurable, quantifiable, but not 
deterministic. It is the case of mechanical, civil and aeronautical structures, where the fatigue load can induce 
damages that propagate in time, thus compromising the residual strength of the structure, its capability to withstand 
operative conditions and the people safety. Focusing on the high cycle fatigue range, the fatigue life could be 
monitored looking at the fatigue crack growth in time, as it is done in the more advanced techniques of Structural 
Health Monitoring (SHM) [1] and residual lifetime prediction based on information coming from diagnostic 
systems, that is Prognostics and Health Management methodologies [2]. The field of real-time prognostics is still an 
open issue, since the new monitoring techniques should be combined with crack propagation models commonly used 
off-line and especially in laboratory environments. The uncertainty on the current loading acting on the structure 
increases the complexity of the problem because of the statistical estimation of the crack growth rate and possible 
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retardation effects depending on the load sequence. This paper introduces the concept of Fatigue Crack Growth 
(FCG) in presence of variable amplitude loading conditions within a real-time prognostic framework. A Sequential 
Monte Carlo (SMC) algorithm [3] containing a FCG rate model is combined with the well-known rainflow method 
to estimate the amplitude and mean stresses acting on the structure. The final goal of the algorithm is the estimation 
of the failure cycle before the crack length reaches its critical value. The methodology is presented simulating crack 
propagation on infinite plate and using a series of fictitious crack measures coming from a diagnostic unit based on 
sensor networks [4] or a manual measurement system. Paper organizes as follows: section 2 introduces basics of 
SMC methods in discrete-time domain, section 3 summarizes the employed FCG rate model and the rainflow
method to estimate the load cycles and how to use rainflow within the proposed algorithm. Section 4 shows the 
results and concludes the paper. 
2. Sequential Monte Carlo algorithm 
Monte Carlo sampling is usually adopted when a closed form solution of the problem does not exist. Among the 
various techniques, particle filtering is one of the more suitable algorithm for real-time estimations and filtering of 
stochastic processes. It grounds on Sequential Monte Carlo methods also defined as sequential importance 
sampling/resampling algorithms. The basic idea is to estimate the posterior probability density function (pdf) of a 
particular variable, given a series of noisy observations, by means of weighted particles representing all the possible 
evolutions of the variables according to mathematical models and the parameters involved in the process. The 
algorithm is suitable to solve problems described by general dynamic state-space models constituted by an evolution 
equation (1) and an observation equation (2). 
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x represents the quantity of interest, ϑ is the parameter vector affecting the model, ν  is the random noise 
altering the evolution of x  with respect to the theoretical behavior predicted by the mathematical model f . z is 
the current observation (noisy measure) related to x  by the measurement function g  and ε is the noise affecting 
the measurement system. The subscript k  indicates the k-th discrete-time step. The objective of the algorithm is to 
approximate the posterior distribution of the quantity x and the best parameter ϑ  [5] given z  when the analytical 
solution does not exist. The approximation is feasible by samples of the quantities ( x , ϑ ) properly weighted during 
the process evolution. The superscript )(i  is the index of the i-th particle; all the particles from 1 to NS (supposing 
NS sufficiently large) should scan all the state-space in order to produce a reliable estimation of the posterior 
probability in (3). The formulation of the weights )(ikw  depends on a series of probabilities involved in the process; 
nevertheless, in the simplest formulation of the SMC algorithm, they can be calculated using the likelihood of the 
observation given the values of the samples only (4). Then the weights are normalized such that 1)( =¦i ikw (5). 
Fig. 1 briefly explains the concept of sequential estimation provided by the algorithm. 
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Focusing on the crack propagation problem, the algorithm tries to estimate the distribution of the crack length 
and m , that is one of FCG parameters at every time step k , and then to simulate the propagation of the crack up to 
a critical length. The term x  is associated to the crack length, z is a measure of the crack length altered by random 
noise to simulate a measurement system (automatic or manual). After the calculation of the posterior pdf, the swarm 
of possible crack evolutions is propagated according to the model f [6]. 
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Fig.1 Basic scheme of Sequential Monte Carlo algorithm. 
3. Damage propagation under random loading 
3.1. Fatigue Crack Growth model 
Fatigue Crack Growth phenomenon is one of the most studied problem of structural degradation and a large 
number of studies have been dedicated to the estimation of the FCG rate and the subsequent prediction in terms of 
time to failure or residual lifetime [7]. Here a FCG rate model able to account for the load ratio R and the rainflow
method to calculate the load spectra are employed within the SMC algorithm to produce an estimation of the failure 
cycle fN  in presence of random load conditions. The employed FCG model is a simplified NASGRO model [8] 
taking into account only the region of the stable crack propagation (6). The linear damage accumulation model (7) is 
used to calculate the different crack length at each time step. This very simple approach ignores any retardation or 
acceleration effects coming from the load sequence. Equation (7) is the evolution process indicated with f  in 
section 2. The term dNdxN /⋅Δ is multiplied by a random term ν within the SMC formulation. 
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3.2. Load cycle counting 
Rainflow method is the most used technique to estimate the load cycles acting on the structure starting from a 
whatever load history [9]. Nonetheless, literature provides some improvements of the traditional rainflow to take 
into account the load sequence effect in FCG analyses [10]. The rainflow counting outcome can be used to generate 
a tri-dimensional matrix where each dimension identifies the mean stress 0S , the cycle amplitude SΔ  and the 
occurrence of each couple ( 0S , SΔ ), respectively. This matrix is a discretized spectrum of the load history. Figure 
2 shows an example of a simulated load history using random functions in MATLAB® (Fig. 2-a) and the output of 
the rainflow method (discrete load spectrum, Fig. 2-b). 
Fig.2 random load history (a) and occurrence spectrum from rainflow (b).
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4. Results and conclusions 
As mentioned above, the SMC algorithm is applied to a simulated FCG within a large plate with central crack 
(Fig.  3-a), using a linear damage accumulation model as presented in (7) altered by a random process ( )r⋅+−= σσν 2/exp 2 where r  is a random number drawn from the standard normal distribution and σ  is a 
properly tuned standard deviation. The simulated load applied on the plate and its spectrum are shown in Fig. 3-b/c, 
respectively. Crack evolution is calculated according to the load occurrence obtained thanks to the rainflow method 
(Fig. 3-d) and the FCG equation. The operation of the algorithm is the following: given a measure of the crack 
length at a certain time step, the estimation of the crack length and m pdfs are estimated, then the samples of the 
cracks are propagated in time using samples of the load coming from the load spectrum (obtained from rainflow). 
When all the samples reach the critical length, the algorithm stops and the failure cycle distribution becomes 
available. The estimation of the most probable parameter m  describing the FCG model in (7) and the failure cycle 
fN  are presented in Fig. 3-e and Fig.3-f. According to the results, the work highlights that the application of 
advanced Monte Carlo techniques (less computational expensive than the basic Monte Carlo sampling) is feasible in 
presence of random loading conditions, too. The possibility to account for load counting techniques paves the way 
to real-time prognostics algorithm in presence of real loads on the structures. In spite of the several restrictive 
hypothesis made in this first application, the results bodes a large number of future developments. 
Fig.3 Simulate cracked plate (a), random load history used to propagate the crack (b), load spectrum generated using rainflow (c), simulated 
crack propagation (d), estimation of parameter m of the FCG model (e) and failure cycle estimation (f).
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